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4.   Show that, when n tends to + co, the polynomial
~t2)ndt
converges uniformly to —1 in any interval [—1, — s] and converges uniformly to -1-1
in any interval [e, +l](s > 0 arbitrary; use the inequality I (1 — t2)" dt^\ (1 — t)n dt).
Jo	Jo
Let gn(x) =    fa(t) dt\ show that the polynomial gn converges uniformly to the function
Jo
|*| in [—1, 4-1], obtaining thus a new proof of (7.3.1.3)).
5.	Let/be a continuous mapping of an interval [x0, 4- °o [ into a Banach space E, such that
for each A > 0,  lim (f(x + A) - /(x)) = 0.
(a)	Show that f(x 4-A) — f(x) converges uniformly to 0 when x tends to +00 and A
remains in a compact interval K = [a, b]<=^ [0, +00 [ (i.e., for every e > 0 there exists
A > 0 such that x ^ A implies ||/(x 4- A) —/(*) || ^ e for every A e K). (Use contradic-
tion: suppose there is a sequence (xn) such that lim xn = +00, and a sequence (An) of
n-»oo
points of K such that \\f(xn 4- An) — /(*„) || > a > 0, for every n. Observe that there is a
neighborhood Jn of An in K such that \\f(xn 4- A) —/(:*„) 11 > cc for any A e Jn. Define by
induction a decreasing sequence of closed intervals I* c: K, and a subsequence (xnk) of
(xn) such that \\f(xnk + p<) — f(xnl)\\ ^ a/3 for every ju.g!*; to define Ik+i when I*
is known, observe that if 8* is the length of I*, and q an integer such that qSk > b — a,
then h/(jc 4- o\) — /(*) || < oc/3q as soon as x is large enough.)
(b)	Deduce   from   (a)   that    lim   (f+ f(t)dt-f(x)\ =0,   and   conclude that
X-+ + 00    \JjC	/
lim f(x)Jx = 0.
6.	(a)   Show that there exists a differentiable real function / (resp. g) defined in R and
such that /'(O = sin(l/0 (resp. g\t) = cos(l/f)) for t* 0 and /7(0) = 0 (resp. ^(O) = 0).
(Consider the derivatives of the functions t2 cos(l/t) and t2 sin(l//).) The functions/'
and g' are not regulated.
 (b)	Let T?(t, u, v) be a polynomial in u and v with coefficients which are continuous real
functions of t in an open interval I<^JH containing 0. Show that there exists a differen-
tiate function/defined in I, such that/'(0 = P(/, sin(l/0, cos(l/0) for t ^ 0 (express
monomials in sin(l//) and cos(l//) as linear combinations of terms of the form sin(&//)
or cos(fc/f)» and use (a)). What is the value of/'(0)? Show that one may have/x(0) ^
P(0,0,0).
 (c)	Show that there exists a difFerentiable function / defined in [—1, 4-1] and such
that /'(f) = sin(l/sin(l/0) at every point / other than 0 and the points i//itt (n positive
or negative integer). (In the neighborhood of *= 1/wr, write r = («Tr4-arcsinM)~1
and use (b) to prove the existence of/'(l/«7r); furthermore, show that there is a constant
a > 0, independent of «, such that
>2/(2n- l)n
sin(l/sin(l/0) dt
2/(2n+l)n
for every integer n > 0; consider then the function
g(t) = lim f sin(l/sin(l/5)) ds
«-*0 Je
for t > 0, and define/similarly for t < 0.)

